Mountain wave drag is evaluated explicitly using linear theory and verified against numerical simulations for the flow of idealized two-layer atmospheres with piecewiseconstant stratification over an axisymmetric mountain. Static stability is either higher in the bottom layer and lower in the top layer (Scorer's atmosphere), or neutral in the bottom layer and positive in the top layer, separated by a sharp temperature inversion (Vosper's atmosphere). The drag receives contributions from long mountain waves propagating vertically in the upper layer and from short trapped lee waves propagating downstream either in the lower layer, or at the inversion. This trapped lee wave drag, which is typically not represented in parametrizations, acts on the atmosphere at low levels. As in flow over a 2D ridge, this drag has several maxima as a function of the height of the interface between the two layers for Scorer's atmosphere, and is maximized by a marked Scorer parameter contrast between those layers. In Vosper's atmosphere, there is a single trapped lee wave drag maximum for Froude numbers near one, when the wind speed matches the phase speed of the dominant interfacial waves, and this drag is maximized for relatively low interface elevations, for which waves at the inversion have higher amplitude. The 3D flow geometry allows resonant wave modes to have various horizontal orientations and a continuous spectrum, forming a dispersive 'Kelvin ship wave' pattern, and expanding the regions in parameter space where the drag is non-zero relative to 2D flow, but it also dispersively decreases the drag magnitude. Nevertheless, the trapped lee wave drag on an axisymmetric obstacle can still equal or exceed the drag associated with vertically propagating waves and the reference hydrostatic drag valid for a uniformly stratified atmosphere.
the drag component due to trapped lee waves is no longer a closed analytical expression, but rather a 1D integral in wavenumber space 66 (as found also by Teixeira et al. (2017) ).
67
The remainder of this paper is organized as follows: Section 2 contains a description of the trapped lee wave drag model proposed 68 here. In section 3 the model is tested for the two idealized atmospheres considered, for representative input parameters, and verified 69 against numerical simulations. Finally, in Section 4, some concluding remarks are presented. assumed that the Boussinesq approximation is valid, the flow is steady, inviscid, adiabatic, non-rotating and linearized with respect 73 to a background incoming state:
Hereŵ is the Fourier transform of the vertical velocity perturbation associated with the waves, the primes denote differentiation with 75 respect to height z, N = [(g/θ 0 )(dθ/dz)] 1/2 is the Brunt Väisälä frequency (where θ(z) is the potential temperature of the background 76 flow and θ 0 is its reference value -assumed to be constant), (U, V ) is the background wind velocity, (k, l) is the horizontal wavenumber 77 vector and κ = (k
1/2 is its magnitude.
78
The wind and static stability profiles of the incoming flow are similar to those used by Teixeira et al. (2013a Teixeira et al. ( , 2013b , namely the 79 wind velocity is constant and (without loss of generality) assumed to be in the x direction. Then, the second term within square brackets Concerning the static stability, two different two-layer profiles for the Brunt-Väisälä frequency, or equivalently for the Scorer 82 parameter, will be considered. In the first one, following Scorer (1949) and Teixeira et al. (2013a) , the Scorer parameter in a lower 83 layer near the surface is higher than that in an upper semi-infinite layer, i.e.
where l 1 and l 2 are constant, and the top of the lower layer is at z = H. The second profile, which follows Vosper (2004) and 
The potential temperature profiles corresponding to these Scorer parameter distributions are shown in Figure 1 (a) and 1(b), respectively.
88
These atmospheres can, perhaps, be considered crude approximations to a stable and a well-mixed boundary layer, respectively, where,
89
however, boundary layer effects on the wind profile are neglected. Such effects generally have a profound impact on mountain waves,
90
including trapped lee waves (Sachsperger et al. 2016) , and needed to be taken into account, for example, in the study of rotors carried 91 out by Teixeira (2017). Here they are neglected for mathematical convenience.
92
The solution to (2) will henceforth be namedŵ 1 in the lower layer andŵ 2 in the upper layer.ŵ 1 must satisfy a free-slip boundary 93 condition at the surface,
where i = √ −1, andĥ is the Fourier transform of the ground elevation function h(x, y), specifying that the flow is tangent to the 95 orography at the surface. Here it will be assumed, for illustrative purposes, that the orography is a bell-shaped axisymmetric mountain
96
given by
where a and h 0 are its half-width and maximum height, but the results would not change qualitatively for other isolated axisymmetric 98 orographies. Additionally, bothŵ and the Fourier transform of the pressure perturbation associated with the waves must be continuous
99
at the interface between the two layers. In the first case (since there is no mean wind shear), this amounts to imposingŵ 1 (H) =ŵ 2 (H)
, but in the second case, since there is a discontinuity in the potential temperature, the boundary-condition on the pressure is expressed as
where g ′ = g∆θ/θ 0 and ∆θ are the reduced gravity and the potential temperature jump at the inversion, respectively. Note that (7) 
where ρ 0 is a reference density (assumed to be constant). This equation can be obtained by taking the Fourier transform of the equation
111
for the horizontal divergence of the wave velocity perturbation, and expressing that divergence in terms ofŵ ′ from mass conservation.
112
The drag exerted by the waves on the orography may be expressed as (Teixeira et al. 2017)
where Im denotes "imaginary part", and the asterisk denotes complex conjugate. The first expression makes use of Parseval's theorem,
114
and the second one of the fact that drag is a real quantity. Note that, because the mountains to be considered are axisymmetric, this drag 115 points in the x direction, the direction of the incoming wind velocity. 
Atmosphere of Scorer (1949)

117
For the profile of the Scorer parameter (3), illustrated in Figure 1 (a), the solutions to (2) in the lower layer (z < H) take the form:
if |k| < l 1
where
1/2 , and a 1 , b 1 , c 1 e d 1 are coefficients to be determined. The first solution 119 corresponds to waves that propagate vertically, whereas the second one corresponds to waves that are evanescent. In the upper layer 120 the solutions are
1/2 , and a 2 and c 2 are unknown coefficients. Note that these solutions already 122 incorporate the radiation or decay upper boundary conditions, respectively.
123
When the remaining boundary conditions are applied, all unknown coefficients may be determined. For the purpose of calculating the drag, it is enough to present a 1 and b 1 , as the drag produced by the solution that is already evanescent in the lower layer (second line of (10)), for |k| > l 1 , is zero (cf. Teixeira et al., 2013a), and a 2 and c 2 play no role in the surface pressure. Hence,
if l 2 < |k| < l 1 .
124
From (8) and (10), the Fourier transform of the pressure perturbation may be written in terms of a 1 and b 1 as
where (12) or (13) may be used, depending on the range of wavenumbers considered. The drag (9) may be split into two terms,
126
according to the range of wavenumbers that contribute to it:
are henceforth referred to as "internal wave drag" and "trapped lee wave drag", respectively. Using (12), (13), (14) and (15) 
and
Equation (16) was obtained by taking the imaginary part of the integrand, since this has no singularities. In (17), on the other hand,
131
since the integrand is real, the imaginary part of the integral may only come from singularities. These occur when the denominator of 132 the integrand is zero, namely when
as originally derived by Scorer (1949) , with the difference that m 1 and n 2 have a more complicated definition for 3D flow. Complex 
137
(2013a), but without using a change of variable.
138
The two drag components D I and D L may be made dimensionless by dividing them by the hydrostatic drag that would be produced
139
if the lower layer with Scorer parameter l 1 extended up to infinity. This is (cf. Eq. (26) of Teixeira, 2014)
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Applying this normalization, (16) becomes 
where the index j in the sum refers to the number of the trapped lee wave mode. 
146
Equations (20) and (21) should be compared with the corresponding expressions for 2D flow (Eqs. (29) and (30) of Teixeira et al.
147
(2013a) with for the wave pattern (in essentially the same way as for pure interfacial waves in Teixeira et al. (2017)), as will be seen later.
151
The vertical velocity associated with the waves is given by
In the lower layer, taking into account the symmetry of a 1 and b 1 with respect to l, (22) may be expressed using (10) as
The two terms within square brackets consist of waves making symmetric angles with the x axis. As will be seen, this is associated with a triangular wake (akin to those investigated by Wurtele (1983, 2004) ), which comes mainly from the trapped lee wave field associated with wavenumbers |k| in a range between l 2 and l 1 . For these waves, it is possible to perform analogous complex integrations as used for the drag (essentially following Sawyer (1962) , section 4) to calculate the resonant trapped lee wave modes that satisfy (18), yielding, after normalization
where w L is the vertical velocity only associated with resonant trapped lee waves, 
Atmosphere of Vosper (2004)
159
For the profile of the Scorer parameter (4), illustrated in Figure 1 (b), the calculations will be justified in a more summarized way, as the 160 procedure that should be followed is entirely analogous to that employed in the preceding subsection. The solution to (2) in the lower 161 layer (z < H) takes the form:
where c 1 and d 1 are coefficients to be determined. The waves are always evanescent in this layer because of the neutral stratification.
163
In the upper layer the solutions are
where m 2 and n 2 were defined previously and a 2 and c 2 are unknown coefficients. Again, (26) already incorporates the radiation or 165 decay upper boundary condition.
166
When the remaining boundary conditions are applied, all unknown coefficients may be determined. For the purpose of calculating 167 the drag, it is enough to present here c 1 and d 1 , as a 2 and c 2 play no role in the surface pressure. Hence,
if |k| > l 2 .
170
Using (8) and (25), the Fourier transform of the pressure perturbation may be written in terms of c 1 and
where (27) or (28) may be used, depending on the wavenumber range considered. The drag may be split in the same way as in (15), with D I defined in a similar way, but now with
since no upper limit on k is imposed by the solution (25).
174
Using (27)- (29), the definition of D I in (15) and (30), D I and D L may be calculated explicitly, yielding
and the integrand in (32) may be simplified using contour integration, also as in Teixeira et al. 
1/2 is the Froude number of the flow, and
where k ′ L is the resonant wavenumber and κ
1/2 . The resonance condition that this wavenumber must satisfy is obtained
181
by imposing that the denominator of the integrand in (32) be zero, which gives
Equations ( 
183
Differences account for the effects associated with the transition from a 2D to a 3D geometry, namely the fact that D I is given by a 184 double integral and D L by a single integral. In (35), and unlike in (21), there is no sum, since there is at most one resonant wave mode 185 for k (keeping l fixed). Despite that, as in (21) there are an infinite number of resonant modes as l varies continuously.
186
As in the previous section, the vertical velocity perturbation may be calculated from (22), but now using also (25). This gives in the 187 lower layer
If a procedure entirely similar to that used to derive (24) is followed, the vertical velocity perturbation associated only with the resonant trapped lee wave modes is given by
which again is only strictly applicable some distance downstream of the obstacle. Note that in (38), as in (35) of normalizing H using l 1 is that it is possible to assign the location of maxima in the drag to semi-integer values of l 1 H/π, as shown 199 below. The appropriateness of normalizing a using l 1 may seem questionable, as discussed in the next section, but is adopted here for decreases, which makes sense physically because trapped lee waves tend to be favoured when the flow is substantially non-hydrostatic. increases. More importantly, since the trapped lee waves do not have a discrete spectrum in a 3D geometry but rather a continuous one, , by a factor of l 2 /l 1 . What this means is that the trapped lee wave drag may not only 240 be comparable or even higher than the internal wave drag, but it can also be larger than the hydrostatic reference value that is currently 241 used in parametrizations. The trapped lee wave drag is applied on the atmosphere at low levels and downstream of the orography, an 242 effect that is currently not taken into account in most parametrizations.
243
The parameter space covered by Figures 2-4 is too vast to be tested using numerical simulations. For that reason, the same approach of ≈ 3.6, ≈ 3.0 and ≈ 1.3 for l 1 a = 10, l 1 a = 5 and l 1 a = 2, respectively, against ≈ 5.5, ≈ 5 and ≈ 2.5 in Figure 17 Teixeira et al.
257
(2013a). The modulation of the drag as l 1 H/π increases also weakens in a more pronounced way, although this effect already exists in 258 the 2D case (presumably because of non-directional wave dispersion). The first aspect to note is that the w field downstream of the mountain superficially resembles a Kelvin ship wake (as noted before 273 for a similar flow by, for example, Scorer and Wilkinson (1956) and for more complicated atmospheric profiles by Sawyer (1962) 274 and Sharman and Wurtele (1983)). However, the dynamics and morphology of these waves is considerably more complicated than 275 that of the surface waves addressed by Kelvin, since these are internal waves (propagating in the lower layer), may have multiple 276 modes for a given lateral wavenumber l, and their dispersion relation depends not only on a horizontal wavenumber, but also on 
the vertical wavenumber m 1 . This makes a quantitative interpretation of the wake angles more difficult, as discussed at length by 278 Sharman and Wurtele (1983). Nevertheless, it is clear that the wavy wake is also roughly triangular, emanating from the mountain. A 279 qualitative feature that can be deduced from the relationship between the phase speed and group speed of the waves (see schematic in
280
Figure 68 of Lighthill (1978) ) is that, the more non-hydrostatic the flow becomes the narrower the wake angle should be, because, as 281 happens in interfacial waves, the group velocity differs more from the phase velocity (i.e. the waves become more dispersive). This 282 behaviour can indeed be confirmed in Figure 6 .
283
Because the trapped lee waves are internal and not interfacial waves, the fields are presented in Figure 6 for z/H = 0.875, not z = H,
284
as it can be shown theoretically that the amplitude of the trapped lee waves attains a maximum between z/H = 1/3 and z/H = 1. The fields are also presented as a function of x/H and y/H, since all quantities included in the resonance condition (18) are normalized by 286 H, which means that the resonant wavenumbers are independent of a.
287
The agreement between w/(U h 0 /a) in Figure 6 
350
An aspect worth stressing is that, while in both flows treated in this and in the previous subsection the internal wave drag always tends 351 to be maximized in the hydrostatic flow limit (where the trapped lee waves vanish), the trapped lee wave drag tends to be maximized
352
for l 2 a of order 1. Note that the values of l 2 a that correspond to the values of l 1 a used in Figure 5 (for l 2 /l 1 = 0.2) are l 2 a = 2, 1, 0.4.
353
These almost coincide with the values of l 2 a used in Figure 11 (except for the case with l 2 a = 5, where trapped lee waves are very 354 weak). Hence, as long as the waves are able to propagate vertically in the lower layer, they become stronger as trapped lee waves when 355 a larger faction of them is evanescent in the upper layer, which happens when the value of l 2 a is sufficiently low (an aspect noted by (2015)). This is of course expected, since all waves would become evanescent in the upper 357 layer (and thus trapped) in the limit l 2 → 0 (but this limit is not realistic in the atmosphere).
358
As for the atmosphere of Scorer (1949) , the vertical velocity is a good indicator of whether the trapped lee waves are captured
359
adequately by linear theory. Figure 12 shows fields of w/(U h 0 /a) from NH3D numerical simulations at z/H = 1 (Figure 12(a) , ( 
Concluding remarks
377
Mountain wave drag was evaluated explicitly using linear theory for two-layer atmospheres similar to those considered in the studies of calculated. But the main focus was on the trapped lee wave drag, for which a representation is currently missing in most orographic 383 gravity wave drag parametrization schemes used operationally (e.g. Lott and Miller (1997) ). For generic atmospheric profiles, where 384 the wind and stratification vary continuously in the vertical, the dynamics of the trapped lee waves is exceedingly complex. However,
385
for the idealized two-layer atmospheres considered here, it has been possible not only to calculate novel closed-form expressions for 386 the trapped lee wave drag (expressed in terms of 1D integrals), but it is also much easier to understand the physical processes that 387 explain the observed drag behaviour.
388
The behaviour of the trapped lee wave drag (and also of the drag associated with vertically propagating waves) was explored 389 systematically in parameter space, and in more detail for selected values of the input parameters that potentially maximize its practical impact in parametrizations. This showed that, although the drag is lower for an axisymmetric obstacle than for 2D mountains, even as a 391 fraction of its reference hydrostatic value, in this 3D flow configuration the trapped lee wave drag can still be a substantial fraction of the 392 drag associated with waves that propagate vertically, sometimes even exceeding it. More importantly, both of these drag components 393 may exceed the reference hydrostatic value for a uniformly stratified atmosphere by a factor considerably higher than 1 in the resonant 394 conditions conducive to trapped lee waves, when the flow is tuned for constructive wave interference.
395
While the drag associated with vertically propagating waves is exerted on the atmosphere at high levels (often above the tropopause),
396
the trapped lee wave drag, as represented in the present study, must be exerted on the atmosphere either in the lower layer (i.e.
397
inside the thermal boundary layer) or at the interface between the two layers (i.e. at the top of the boundary layer). This makes it 398 overlap spatially with turbulent form drag, for which it may be mistaken in the parametrization calibration process that is necessary to 399 optimize the performance of weather prediction models (via, for example, a so-called 'long tail formulation' of turbulent form drag) magnitude for flows nearly perpendicular to the major axis of the orography should be somewhere in between those calculated for the 410 2D and axisymmetric limit cases. There is no reason to doubt that this may also apply to the trapped lee wave drag.
411
Objections might also be raised about the fact that the present calculations are linear, and therefore formally valid only for over the final 25% of the run-time, but it was always ensured that it did not oscillate too much at this stage. 
